I. INTRODUCTION
As one of the vivid examples for studying the microscopic origin of the macroscopic irreversibility in terms of deterministic dynamics, heat transport in onedimensional (1D) lattice systems has attracted intensive theoretical studies for several decades [1] [2] [3] . A challenging problem here is to justify the microscopic origin of the Fourier's law, which states
where J is the heat current, κ is the material constant called thermal conductivity, and ∂T ∂x is the spatial temperature gradient. However, in a number of theoretical studies, it has been demonstrated that for general 1D lattices, κ is not just an intrinsic property of a material but depends on the chain's length L following κ ∼ L α with 0 ≤ α ≤ 1. The limiting case of α = 1 corresponds to the ballistic thermal transport and for α = 0 one has normal heat conduction obeying Fourier's law, whereas the cases of 0 < α < 1 are usually called the superdiffusive heat transport.
With the development of laser technology [4, 5] which allows to probe the thermal properties of materials at reduced size and time scales, ballistic thermal conduction (α = 1) has been observed experimentally for Si 0.9 Ge 0.1 and Si 0.4 Ge 0.6 nanowires, carbon nanotubes, holey silicon, Al 0.1 Ga 0.9 N thin film, and others [6] [7] [8] [9] [10] [11] . In those studies, this ballistic phonon transport has been found * Electronic address: phyxiongdx@fzu.edu.cn † Electronic address: saadatmand.d@gmail.com ‡ Electronic address: dmitriev.sergey.v@gmail.com for (quasi)-1D samples having length less than a threshold value, L * (usually characterized by the phonon mean free path), such as that for SiGe nanowires L * ≈ 8.3 µm [9] , for carbon nanotubes L * ≈ 1 mm [7] , and for holey silicon L * ≈ 200 nm [10] . Thus, these studies suggest that the ballistic thermal conduction in real (quasi-)1D materials can persist over macroscopic distances. In fact, it has been usually believed that in such materials heat is conducted ballistically by the low-frequency, longwavelength phonons [6] , and hence the anomalous ballistic behavior can persist even with the presence of defects, isotopic disorders, impurities, and surface absorbates [7] .
Beyond ballistic transport, the superdiffusive conduction (0 < α < 1), can be found when the samples' length and time scales are comparable to the phonon mean free path, in particular in some nanoparticle embedded semiconductor alloys [12, 13] . Although this is just a transient process and finally the normal diffusive behavior (α = 1) will appear as the length and time scales increase further, this superdiffusive heat transport is very peculiar and can be understood by a truncated Lévy formalism [12] [13] [14] [15] , thus suggesting a fractal Lévy heat transport physics rather than the usual Brownian motion.
To further interpret this transition from ballistic to normal behavior, a recent proposed kinetic-collective model [16] based on different phonon-phonon scattering physics might be worthwhile, from which a wide range of temperature-and size-dependent thermal conductivity can be predicted quite well [16] [17] [18] . However, obviously such a theoretical model does not involve the effects of other nonlinear excitations, such as solitons [19] and discrete breathers (DBs) [20] [21] [22] [23] .
In addition to the experimental investigations, there are also a number of molecular dynamics studies on quasi-1D and 2D nanomaterials [24] [25] [26] [27] . Such studies showed that the rough edges of long graphene nanorib-bons suppress thermal conductivity by two orders of magnitude [24] . Isolated carbon nanotube demonstrates anomalous heat transport due to the long-wavelength acoustic phonons, while nanotube interacting with a flat substrate displays normal thermal conductivity due to both the appearance of a gap in the acoustic phonon spectrum and the absorption of long-wavelength acoustic phonons by the substrate [25] . Isotopic doping decreases thermal conductivity of silicene nanosheets [26] .
Coming back to 1D model chains, up to now, many ingredients related to anomalous thermal conduction have been carefully considered, among them are chaos [28] [29] [30] [31] [32] [33] , conservation of momentum [34] [35] [36] [37] , asymmetric interactions [38] [39] [40] [41] [42] , linearity [33, [43] [44] [45] [46] , integrability [47] , pressure [48, 49] , surface scattering effect [50] etc. Particularly, the viewpoint that a system with (without) a momentum conservation property should disobey (obey) Fourier's law has been widely accepted, although there are still some contradictory results on this issue [51] [52] [53] [54] [55] [56] [57] [58] [59] . A suggested picture to support this viewpoint is that the on-site potentials which destroy the conservation of momentum can induce a strong scattering mechanism for phonons, eventually resulting in the diffusive Fourier's heat transport. In some literature [60, 61] , such scattering mechanism is usually attributed to DBs. Nevertheless, at present, our understanding of the physical picture of this scattering process is still lacking.
In this work we therefore revisit a typical momentumnonconserving system, i.e., the φ 4 model with a singlewell on-site potential. Keeping in mind that only the nonlinear on-site potential can result in normal heat transport [33] , we shall carefully examine both the system's heat transport and DBs properties under different strengths of the nonlinearity, trying to establish a connection between them. Our aim is to present a possible mechanism for demonstration why a system with nonconserved momentum can generally lead to normal heat transport.
The rest of this article is organized as follows: In Sec. II we first introduce the reference model, demonstrate its linear phonon dispersion, and discuss what kind of DBs are likely to exist for the given type of nonlinearity. Sec. III then describes our numerical approaches used in the heat transport study. In Sec. IV, we provide our main results, from which we will see a close relationship between heat transport and DBs properties, with the change of the strength of the nonlinearity. Sec. V presents a discussion and finally Sec. VI draws our conclusions.
II. MODEL
The Hamiltonian of 1D φ 4 lattice is given by Here L particles are considered; all of them have unit mass; p k is the momentum of the kth particle; φ k is its displacement from equilibrium position; V = 4 denote the harmonic interparticle interaction and the nonlinear on-site potential, respectively. Parameter β (β > 0) controls the strength of the nonlinearity in U , variation of which will help us to explore the detailed relationship between the heat transport and the DBs properties. We note that for β > 0 the on-site potential focused here is single-well and of hard-type anharmonicity.
From Eq. (2), the following equations of motion can be derived
Then, under harmonic approximation (β = 0), the system's phonon dispersion relation can be easily obtained:
where q is the wave number and ω q is the corresponding phonon frequency. Such phonon dispersion relation is shown in Fig. 1 . As can be seen, unlike the linear phonon dispersion of a momentum-conserving system without including the on-site potential, the lowest wavelength phonon frequency in our case is now no longer at the zero value, instead, its frequency is shifted to the value of ω min q = 1. On the other hand, the shortest wavelength phonon frequency is equal to ω max q = √ 5 ≈ 2.236. Accordingly, it is easy to find that the phonon's group velocity v g , defined as v g = dωq dq , vanishes for q → 0 and q → ±π, which is a necessary condition for the excitation of DBs when including the nonlinearity.
DBs frequency must lie outside the phonon spectrum. For the hard-type nonlinearity considered (β > 0), only DBs with frequencies lying in the range denoted by 2 in Fig. 1, i .e., above the linear phonon band, are possible [20] [21] [22] [23] . It can also be expected that, the nonlinearity together with the phonon dispersion as shown in Fig. 1 induced by the on-site potential will make such kind of DBs properties very peculiar, different from those in the usually considered momentum-conserving systems. So, in view of these general understandings, in what follows we will examine the DBs properties at given strength of the nonlinearity, aiming to understand their relation to thermal transport.
III. METHOD
To characterize the system's thermal transport property, one can employ the equilibrium fluctuationcorrelation method [62] [63] [64] to derive the spatiotemporal correlation function of heat fluctuations [65, 66] :
Here m = j −i; · represents the spatiotemporal average. Q i (t) is the heat density within a finite volume (bin i) at time t, whose expression [65, 66] 
is obtained from basic thermodynamics in the textbooks [65, 66] . To compute Q i (t), in practice one can first divide the 1D lattice into several equivalent bins. In each bin, we then calculate the number of particles M i , the energy E i and the pressure F i within the bin. Finally, the heat in the ith bin can be derived from (6) and its fluctuation then is ∆Q i (t) = Q i (t) − Q i . We note that since the system is 1D, the pressure is equal to the force and can be calculated from the gradient of the potential. This simulation approach for deriving ρ Q (m, t) has been widely used in many publications [58, 59, 62-64, 67, 68] . In particular, from the perspective of random walks theory [62] [63] [64] 67] , ρ Q (m, t) (normalized) can be viewed as the heat spreading density, which together with a space-time scaling analysis has been suggested being able to provide very detailed information for characterizing the corresponding thermal transport behavior [69] . In the hydrodynamics theory, ρ Q (m, t) is believed to correspond to the heat mode's correlation [67, 70] .
To simulate ρ Q (m, t), we consider a chain with L = 4001 particles, which allows an initial heat fluctuation located at the center to spread out a lag time at least up to t = 1500. This is because the introduction of the on-site potential reduces the group velocity of phonons as compared to the momentum-conserving harmonic chain (its phonon group velocity is unity). We set both the equilibrium distance between the particles as well as the lattice constant to unity. This means that the number of particles L is equal to the system size. So, for a system with symmetric (even) type interactions, it can be easily inferred that the average pressure F is always zero. We apply periodic boundary conditions and fix the number 
ρQ(m, t) calculated for several β values at three typical long times t = 500 (dotted); t = 1000 (dashed), and t = 1500 (solid).
of bins to be (L − 1)/2. We use the stochastic Langevin heat baths [1, 2] to thermalize the system and to prepare a canonical equilibrium state with a fixed temperature T = 0.5. The nonlinear parameter β is varied over a wide range from β = 0.01 to β = 5. Under this setup, we employ the Runge-Kutta algorithm of seventh to eighth order with a time step of h = 0.05 to evolve the system. Each canonical equilibrium system is prepared by evolving the system for a long enough time (> 10 7 time units) from properly assigned initial random states. Finally, we use ensembles of about 8 × 10
9 data points to compute the correlation function.
IV. RESULTS

A. Heat transport
We first present several β-dependent profiles of ρ Q (m, t) for three long times in Fig. 2 . As can be seen, indeed only including a strong enough nonlinearity can lead to the perfect Gaussian profile of
which is an evidence of normal thermal transport obeying Fourier's law. This is consistent with the argument that the linear optical chain, even with nonconserved momentum, cannot exhibit normal heat transport [33] . One can also find that for relatively small nonlinearity, ρ Q (m, t) shows a U-shape with some oscillations [see Fig. 2(a) ]. This is a typical signature of ballistic heat transport and can be predicted by a recent theory of "phonon random walks" [71] . In addition, in the intermediate range of the nonlinearity, there is a transition (crossover) from ballistic to normal transport [see Fig. 2 (b)-(e)], i.e., with the increase of β, at first the front peaks of ρ Q (m, t) are quickly damped, then after this damping process has been almost finished, the central part of ρ Q (m, t) starts (c) and (e), the height Hc of the central peaks of ρQ(m, t) vs t for extracting the scaling exponent γ; Right: (b), (d) and (f), the rescaled ρQ(m, t) using formula (7), where (a) and (b) for β = 0.01; (c) and (d) for β = 0.2; (e) and (f) for β = 5, respectively. In (b), (d) and (f), three typical long times of t = 500 (dotted); t = 1000 (dashed), and t = 1500 (solid) are compared.
to be humped and seems more and more concentrated. We are particularly interested in this transition process in the intermediate range of β. So, we perform a spacetime scaling analysis [63, 64] 
of the central part of ρ Q (m, t) for different β values. Three typical results of the rescaled ρ Q (m, t) are shown in Fig. 3 (b)(d)(f). According to the random walk theory [63, 64] , the scaling exponent γ can be extracted from the time scaling behavior of the height H c of the central peaks of ρ Q (m, t) [see Fig. 3 (a)(c)(e)] and related to the system size scaling exponent α of heat conductivity by α = 2 − γ [63, 64] . Hence, γ = 1 and γ = 2 correspond to the ballistic and normal transport, respectively [63, 64] . So, given these scaling exponents, Fig. 3 To readily capture this crossover process, we also plot the result of γ versus β in Fig. 4 . This helps us to more precisely infer the transition point. As can be seen, Fig. 4 suggests that the transition point is in between β = 0.1 and β = 0.4. As to this point, we note that β = 0.2 is just a central point among them, which is consistent with the result in Fig. 2(c) , where the front peaks of ρ Q (m, t) are nearly completely damped for a relatively long time. In the very long time and with very long size simulation, one may thus expect that β c = 0.2 is probably a transition point for the system's heat transport crossover from ballistic to normal at the focused temperature T = 0.5. 
B. DBs properties
Next, we attempt to relate the observed β-dependent heat transport behavior to the β dependence of DBs properties. For this aim, we will study DBs properties at both finite and zero temperatures. We first thermalize the focused systems of size L = 200 (for facilitating the calculation) to the desired temperature T = 0.5 with the Langevin heat baths [1, 2] . Then, the thermostats are turned off and the power spectrum P 0 (ω) of these thermal oscillations are calculated. In Fig. 5 we present the result of P 0 (ω) versus ω for sev- 
Application of absorbing boundary conditions
There exists a numerical method which directly demonstrates the existence of DBs in thermalized lattices [60, 61] . To use this approach, again a system of size L = 200 is thermalized to T = 0.5. Then, the thermostat is turned off, but now the absorbing boundary conditions are imposed for a long enough time. With such strategy, all the mobile excitations will be absorbed by the boundaries, while the immobile DBs can show up if they exist. Finally, one then can calculate the power spectrum P (ω) of these residual oscillations to identify the corresponding immobile DBs frequencies.
In Fig. 6 we show several snapshots of the residual thermal fluctuations after a long time's absorption for three typical β values. For each β, two typical results from two different initial equilibrium states of the same focused temperature are compared. Interestingly, one can see a variation of such snapshots with β as well, i.e., for relatively large nonlinearity, we always have the chance to observe several highly localized modes [see Fig. 6 (e)-(f)]. These modes can be characterized as immobile, stationary DBs centered on a particle, i.e., the so-called SieversTakeno (ST) modes [72] . For relatively small nonlinearity, the residual thermal fluctuations are the mixture of phonons with q close to zero and to the zone boundary (q = ±π) [see Fig. 6(a)-(d) ]. This is expected since such phonons have vanishing group velocity and they remain in the system after long exposure to the absorbing boundary conditions. We then study the power spectrum P (ω) of these residual thermal fluctuations in order to get the information of their frequencies. The result of P (ω) versus ω is shown in Fig. 7 . Here, similar to Fig. 5 , different values of β are indicated in each panel. From Fig. 7 , first at a relatively small β (β = 0.01), both the peaks corresponding to the phonons with frequencies close to q = 0 (denoted by type 1) and to the zone boundary (type 2) can be clearly identified [see Fig. 7(a) ]. This may explain why the Ushape can be seen in Fig. 2(a) . Then, with the slight increase of β (β = 0.1 and β = 0.2), the type 1 frequency component becomes weaker and weaker but there is almost no change for the type 2 frequency component [see Fig. 7(b)-(c) ], which seems related to the quick damping of the front peaks of ρ Q (m, t) shown in Fig. 2(b) -(c). In Fig. 7(d) and (e), the peak corresponding to phonons with longest wavelengths becomes very weak but the peak for the shortest wavelengths remains, which might indicate the broader Gaussian peak of ρ Q (m, t) as shown in Fig. 2(d) and (e). Finally, for the case of strong nonlinearity (β = 5) [see Fig. 7(f) ], one can clearly see the excitations with frequencies above the linear phonon band indicating the presence of immobile DBs in the system in line with Fig. 6(e)-(f) . This immobile DBs seem to have the effects to make the Gaussian peak ρ Q (m, t) narrower [see Fig. 2(f) ]. All of these evidences clearly show the strong correlation between β-dependent DBs properties and heat transport, suggesting that in this particular system with nonconserved momentum, exploring DBs properties could be very helpful for understanding heat transport. That may be also why, previously, researchers often used the role of DBs as a major phonons scattering mechanism to understand the diffusive heat conduction in the momentum-nonconserving systems [60, 61] .
Given the strong correlation between the results of Figs. 2 and 7, now it is reasonable to assume that DBs are responsible for the transition to the normal heat transport at large β, since in Fig. 7 the role of phonon-phonon interaction has almost been ruled out, in view of applying the absorbing boundary conditions. However, the absence of DBs frequencies in Fig. 7(d) and (e) should be considered puzzling, because at β = 0.5 and β = 1, according to Fig. 4 , we already have normal heat transport obeying Fourier's law. Thus, in the following we need to find an explanation why DBs cannot be seen in the chain after long action of absorbing boundary conditions for β = 1 and why they are still presented for β = 5. Our viewpoint about this is that it may be related to the DBs mobility, i.e., at the focused temperature, when β = 1, the mobile DBs are excited, whereas for β = 5, the immobile DBs dominate. They have different properties, i.e., the mobile DBs can be scattering with the lowest-frequency phonons, while after this scattering has been almost finished, the immobile DBs emerge and their main role is to localize energy and heat. So, when the absorbing boundary conditions are imposed, eventually only the immobile DBs can be identified. As we will show this seems to be verified in the following.
DBs at zero temperature: Standing DBs
With the above puzzle in mind, i.e., the absence of DB frequencies in Fig. 7(d)(e) , we next explore DBs properties at zero temperature (for facilitating the analysis). As mentioned, our main goal is to explain why standing DBs remain in the chain after applying absorbing boundary conditions in the case of β = 5, while they cannot be seen for β = 1, cf., (e) and (f) in Fig. 7 .
We first focus on the properties of standing DBs and in the following we will try to boost them. An efficient way to excite such type of standing DBs is the use of the following initial conditions
Here, A DB and θ are the DB's amplitude and inverse width, respectively. DB's initial position is located at x 0 and for x 0 = (L−1)/2 [x 0 = (L+1)/2] the DB is centered on a particle (at the center of a bond). We always took x 0 = (L − 1)/2 to obtain the ST mode observed in our simulations. For the chosen A DB , we find θ by using the try and error method [73] minimising the oscillations of the DB's amplitude in simulations. After θ has been found, we then calculate DB's frequency, ω DB , and its total (kinetic plus potential) energy, E DB . These results are presented in Table I for a set of DB's amplitudes for the focused two values of β = 1 and β = 5. From Table I it can be seen that, with the increase of DB's amplitude, the degree of its spatial localization, characterized by θ, increases. The same is true for both the DB's frequency and energy. In addition, DBs of the same amplitude in the chain with higher strength of the nonlinearity have higher spatial localization and higher frequency. However, this is not the case for the DB's energy. Within the studied range of amplitudes, the energy of DBs with same amplitude in the chain with weaker nonlinearity is larger, which shows a big difference between the cases of β = 1 and β = 5. This is consistent with the results of Fig. 5 (e) and (f), where the spectrum energies in the case of β = 1 are obviously larger than the counterparts of β = 5. Regardless of this difference, in short, all of the data indicate the concentration of energies played by DBs as shown in Fig. 2(f) for the relatively large strengths of the nonlinearity.
DBs at zero temperature: Moving DBs
Moving DBs were excited with the use of the following physically motivated ansatz [73] :
Here, δ is a free parameter which defines the oscillation phase difference for neighboring particles and also characterizes DB's velocity, v DB , in case when it is mobile. For example, for δ = 0, DB's velocity is zero. Table I .
We use Eq. (9) with different values of δ for setting the initial conditions taking other DB's parameters from Table I . Velocity of the resulting DB is measured and presented as a function of δ in Fig. 8(a) and (b) for the chains with β = 1 and β = 5, respectively. Different lines show the results for different DB's amplitudes A DB , as indicated in the legends. It can be seen that DBs with relatively small amplitudes have velocities nearly proportional to δ within the range of |δ| ≤ 0.5 considered. For β = 1, this is true for A DB ≤ 0.75, while for β = 5 it is observed for A DB ≤ 0.25. Such DBs are highly mobile. We have checked that they move through entire computational cell of 3000 sites with nearly constant velocity and practically radiating no energy. However, for the cases of, e.g., A DB = 1 (β = 1) and A DB = 0.5 (β = 5), DB's velocity saturates with the increase of δ, it radiates smallamplitude waves, and its velocity gradually decreases. For this reason, we can only measure the DB's velocity up to t = 400. Finally, DBs with even higher amplitudes are trapped by the lattice and no longer move for any value of δ. This is observed for A DB ≥ 1.25 (β = 1) and
Combining the results presented in Fig. 8 and the DB's parameters shown in Table I , now one may recognize that the immobility of DBs takes place for about θ ≥ 0.7. Indeed, Table I indicates that, for A DB = 1 (β = 1), one has θ = 0.639; and for A DB = 0.5 (β = 5), θ = 0.748. Both cases are close to the transition of DBs from mobile to immobile as suggested by Fig. 8 .
It is also very interesting to note that at the transition point of θ 0.7, the DB's energy for β = 1 (E DB = 8.147) is much higher than that in the case of β = 5 (E DB = 1.751). This may correspond to the fact that (a) Counter plot showing the evolution of total (kinetic plus potential) energies of particles with t in the chain with β = 1. Initially (t = 0), in the center kc, a standing DB is excited by using ansatz (9) with ADB = 0.5, δ = 0, ωDB = 2.257 and θ = 0.309, and an ac driving phonon source at k * = kc − 500 is operated until t = 1500. One can see that the DB is accelerated towards the phonon source during the scattering with the phonon wave packet. (b) Time evolution of DB's velocity during this process. the probability of excitation of immobile DBs for β = 1 is relatively small compared to the case of β = 5, consistent with the results shown in Fig. 7(d)-(f) .
Acceleration of DBs by phonons
Now we understand that there are two different types of DBs existing in the system characterized by their different mobility induced by different β values together with the different A DB . With this understanding, we next demonstrate that the mobile DBs can be scattered by the small-amplitude phonons. To see this, we first excite a DB in the center [k c = (L − 1)/2] of the chain.
As an example, we choose the case of β = 1 and set A DB = 0.5 and δ = 0, so θ = 0.309 according to Table I . Thus, a mobile DB with zero initial velocity according to Fig. 8 is excited. At the same time, on the left-hand side of the DB, a particle with the index number k * is forced to move according to the following ac driving:
where A p and ω p are the driving amplitude and frequency, respectively. We use a relatively small A p and set ω p within the phonon band, so that a phonon-like wave packet with the given frequency is excited and interacts with the DB. In order to provide the details of such scattering process, we then record each particle's energy for a long time up to t = 4000. A typical result with the parameters A p = 0.075, ω p = 1.1 and k * = k c − 500 is shown in Fig. 9(a) . Under this setup, we perform the ac driving for a time lag up to t = 1500 and then it is stopped.
From Fig. 9(a) , one can see that the incident phonon wave packet is partially reflected and partially transmits, which is reasonable. While for the DB, the result is very interesting. Due to the scattering by the phonon wave packet, the standing mobile DB is accelerated towards the phonon source. This indicates that the phonon-DB interaction can cause the mobile DB from standing to moving, and in turn provides a scattering mechanism for phonons. For more details, we also detect the time evolution of the DB's velocity, which is shown in Fig. 9(b) . This result tells us that, a standing DB after interaction with the phonon wave packet moves with a constant nonzero velocity.
Summary of DBs properties in relation to heat transport
Now we summarize our main results on DB properties and try to relate them to heat transport. In the focused φ 4 model with hard-type anharmoncity (β > 0), only DBs with frequencies above the linear phonon band can exist. While including on-site potential makes these DBs properties quite peculiar, which seem distinct from those shown in the momentum-conserving systems. Our numerical analysis suggests that, (i) DBs with high degree of spatial localization (θ ≥ 0.7) are immobile, while less localized DBs (θ ≤ 0.7) are mobile. So, θ ≈ 0.7 is a threshold value at which DBs change from mobile to immobile. This is indeed true for the two typical cases we considered, i.e., A DB ≥ 1.0 for β = 1 and A DB ≥ 0.5 for β = 5. (ii) At the transition point of θ ≈ 0.7, the single DB's energy E DB in the chain with β = 1 is almost five times larger than that of β = 5. Then, according to the Arrhenius law [74] , the probability of DB's excitation by thermal fluctuations at a finite temperature T is proportional to e −EDB/(k B T ) , where k B is the Boltzmann constant. This explains why for β = 1 the probability of excitation of immobile DBs is orders of magnitude smaller than in the case β = 5. So, for β = 1 DBs are mainly mobile and it is reasonable to see that they disappear after application of the absorbing boundary conditions for a long time, as evidenced in Fig. 7(e) ; whereas in the case of β = 5 we have a large chance to excite the immobile DBs, so they show up in Fig. 6(e)-(f) and Fig. 7(f) after exposure to the absorbing boundary conditions for a long time. (iii) DBs can be scattered with phonons. In particular, the mobile DBs can be accelerated by the phonons as exemplified by Fig. 9 . This in turn causes a scattering mechanism for phonons. So, when this scattering becomes dominant, the normal heat transport can be observed. This is indeed the case for 0.4 ≤ β ≤ 1 as shown in Fig. 2(d) and (e). For even higher strength of the nonlinearity (β = 5 for example), the immobile DBs are readily excited and normal heat transport is now characterized by a narrower Gaussian peak, as shown in Fig. 2(f) . This may suggest that the immobile DBs can localize the energy and heat.
V. DISCUSSION
Finally, we discuss why the above pictures are related to the nonconservation of momentum and what happens in the range of β ≤ 0.4. For this aim we employ the momentum correlation function ρ p (m, t) to detect the relevant information. Similarly to ρ Q (m, t), ρ p (m, t) is defined by
Here ∆p i (t) ≡ p i (t) − p i denotes the momentum fluctuation at a bin i and time t. Simulation of this correlation function is also similar to that of ρ Q (m, t). ρ p (m, t) has been verified to be very useful in understanding anomalous thermal transport. For example, from the perspective of hydrodynamics theory [67, 70] , ρ p (m, t) has been conjectured to represent the sound modes' correlation. A diffusive behavior of ρ p (m, t) has been observed in the couple rotator systems and related to the observed normal heat transport [75] . Such nonballistic diffusive momentum spread appears to be the origin of the recovery of Fourier's law in a special system with a double-well interparticle potential [58, 59] . A more recent work based on an effective linear stochastic structure theory [76] has indicated that the scaling behavior of ρ p (m, t) can enable us to explore the sound damping information, and thus is related to anomalous heat transport. However, all of the above results are the understanding for momentum-conserving systems, here, however, we will use ρ p (m, t) to understand the origin of normal heat transport in the momentum-nonconserving systems. Figure 10 presents the result of ρ p (m, t) for several small β values. It is easy to find that above β = 0.2, all the correlation information of ρ p (m, t) disappear. This is so because, in this range the mobile DBs become dominated. Then, the phonons with low frequencies, i.e., the sound modes, can be completely damped due to the scattering with DBs. This is another type of signature of normal heat transport in momentum-nonconserving systems induced by the on-site potentials, different from the diffusive behavior of ρ p (m, t) shown in some momentumconserving systems [58, 59, 75] . In the context of hydrodynamics, it means a complete damping of the sound modes' correlation, similarly to the results of [58, 59, 75] but obviously here it is in a distinctive way. Now, inspired by this macroscopic evidence of ρ p (m, t), we may conjecture that, with slight nonlinearity (0.01 ≤ β ≤ 0.4), there are also mobile DBs excited in the system. While these mobile DBs are not dominated, so, the scattering of phonons are not strong enough to cause normal heat transport. Therefore, a gradual damping of the momentum correlation information as shown in Fig. 10 can be observed. Finally, as to the full underlying picture in the whole ranges of 0.01 ≤ β ≤ 5, we would like to suggest such an understanding: To induce normal heat transport in the momentum-nonconserving φ 4 system, one should resort to the nonlinearity. This nonlinearity together with the on-site potentials can cause a phonons scattering mechanism induced by the mobile DBs with frequency components slightly above the linear phonons band. For the very large nonlinearity, after the scattering process has been almost completed, another type of immobile DBs with frequency components greatly upper the linear phonon band now becomes dominated. This kind of immobile DBs can localize the energy and heat [77] , which may make the system like an insulator with a very low thermal conductivity. So, a narrow Gaussian heat transport density can be observed in Fig. 2(f) .
VI. CONCLUSIONS
In summary, we have succeeded in understanding the transition process to normal heat transport in the momentum-nonconserving φ 4 system when the strength of the hard-type nonlinearity β is increased. To do this, we have examined both the macroscopic heat transport property and the microscopic details of DBs dynamics for different β values. In general, as β increases, we have found that, the heat transport can undergo a crossover from ballistic to normal, with some rich details, i.e., first, the ballistic moving peaks of the heat perturbations correlation are damped, and then its central part becomes more and more concentrated. Interestingly, such rich details seem to be strongly related to the microscopic DBs properties, i.e., the nonlinearity together with the on-site potential makes the system to excite both mobile and immobile DBs, respectively, at the relatively weak and strong nonlinearity. These DBs have different effects on the heat transport property. On one hand, the mobile DBs induce a scattering mechanism for phonons which results in the damping of the sound modes' correlation. Eventually, when this effect of scattering becomes dominated, a normal thermal transport obeying the Fourier's law characterized by a Gaussian-type heat transport density can be seen. On the other hand, for the relatively large nonlinearity, the main excitations are instead the immobile DBs. This kind of DBs has the effects of localizing energy and heat, making the chain like an insulator, and finally reducing the total thermal conductivity. Therefore, in this range even the Fourier's law is recovered as well, the Gaussian-type heat spreading density now becomes narrower and narrower. Such an understanding apparently provides more detailed evidence for relating the macroscopic heat transport properties and the underlying microscopic dynamics in the particular momentum-nonconserving φ 4 system. In spite of above achievement, we should finally note that, to induce normal heat transport, generally one should rely on both the effects of nonlinearity and onsite potential, while all of the above understandings from DBs properties are just based on the quartic nonlinear on-site potential considered here. Although this is the mostly popular model used for demonstration the role of nonconserved momentum [35] , we are still not sure that whether the proposed picture/explanation has its generality and can be extended to general models. Hence, in the next step we are attempted to study the case of on-site potential also including cubic anharmonicity. In addition, as to the relevant underlying picture, we here only provide strong evidences that, at zero temperature the mobile and immobile DBs can exist in the system, and their contributions to heat transport could be different. A further more complete picture about the phononDBs interaction at thermalized equilibrium state is still lacking. For this, a recent fractal Lévy heat transport picture as suggested in the nanoparticle embedded semiconductor alloys [12] [13] [14] [15] would be insightful.
